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Abstract

A model-based flow control strategy is proposed for
the suppression of vortex shedding behind a circu-
lar cylinder. The control design is based on a hi-
erarchy of low-dimensional Galerkin models of the
cylinder wake. These models are constructed from
a Karhunen-Logéve decomposition of a simulation
without actuation. The key enablers are an addi-
tional physical mode in the Karhunen-Loéve approx-
imation and an energy-based control which respects
the regime of model validity. The developed con-
trol strategy is successfully tested in direct numerical
simulations.
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I Introduction

Real time capability requires simplicity of the control
law and is, hence, difficult to obtain from a high-
dimensional direct numerical simulation (DNS) or a
large eddy simulation (LES). This requirement gen-
erally excludes feedback design based on such mod-
els, for instance, in computationally expensive op-
timal control strategies for Navier-Stokes solvers.!
Control designs based on low-dimensional flow mod-
els aim to address the complexity issue. Examples of
low-dimensional representations include vortex mod-
els?3 and Galerkin models (GM),*5 both of which
can be considered as a test-bed for the physical
understanding of the flow. The simple controller
proposed in this paper is derived from an energy-
dynamics analysis in a low-dimensional GM, and is
successfully verified with a DNS.

The suppression of laminar vortex shedding be-
hind a circular cylinder is chosen as a bench-mark
problem for the presented strategy. This prob-
lem has been extensively investigated for several
decades. Proposed suppression techniques include
passive means, like splitter plates® and small control
cylinders,” active means, e.g. jet bleed® or acous-
tic excitation,® and closed-loop control with acous-
tic actuation and hot-wire signals.1 In the current

American Institute of Aeronautics and Astronautics



study, actuation is provided by a local volume force in
the near-wake (see Fig. 1). This force mimics, for in-
stance, a Lorentz force in a magneto-hydrodynamical
flow. The reduction of the fluctuation level is moni-
tored in a near-wake observation region, since global
suppression of the vortex street with a local volume
force cannot be expected. The observation region
extends up to six diameters downstream of the cylin-
der and is bounded by the streamwise position of the
velocity measuring sensor.

hot-wire

volume force

Altizrr/ 40

x/D

observation region

Figure 1: Stream-lines of the natural flow around a cir-
cular cylinder (solid circle) with the diameter D = 1.
The direction and domain of the volume force is illus-
trated by an arrow and a circle, respectively. The hot-wire
anemometer is located at a typical experimental position.
Success of control is monitored in the observation region
bounded by the streamwise position of the sensor.

The empirical GM used here is based on a
Karhunen-Loeve decomposition of an unforced ref-
erence simulation. The volume force is incorporated
in the GM. The reference Reynolds number of 100
is in the laminar shedding regime and far above the
critical Reynolds number!! of 47 and small enough
to exclude transition.!?

The paper is organized as follows: In Sec. II,
a hierarchy of GMs is introduced. In Sec. Ill, the
control strategy with DNS tests is described. The
results are discussed in Sec. IV. The main findings
are summarized in Sec. V together with an outlook.

IT Galerkin models

A hierarchy of models of the natural and the ac-
tuated flow is introduced in this section. A direct
numerical simulation of the flow is presented first.
Snapshots of this simulation constitute the funda-
ment for low-dimensional GMs. The issues of energy
resolution and model validity over a dynamic range

2

are addressed in the model development.

II.1 Direct numerical simulation

The flow is described in a Cartesian coordinate sys-
tem z,y, where the z-direction is aligned with the
flow and the y-direction is orthogonal to the flow
and to the cylinder axis. The origin is in the center
of the cylinder. The time is represented by t. The
velocity and pressure fields are denoted by u and p,
respectively. All quantities are assumed to be non-
dimensionalized with the velocity of the flow U, the
diameter of the cylinder D, and the density of the
fluid p.

GM construction starts with a well-resolved
DNS solution of the non-dimensional incompressible
Navier-Stokes equation,

Ou+V-(uu)=-Vp+rvAu+Gg, (1)

where v is the reciprocal of the Reynolds number
and g represents a steady local force field in the
y-direction. The forcing amplitude G is a time-
dependent control input. The volume force has com-
pact support in a circular region which is centered
two diameters downstream from the cylinder (see
Fig. 1) and which has the same diameter as the cylin-
der.

The computational domain of the direct simu-
lation is the rectangular region

Q= {(5,y): —5 <z <15 [y <5} (2)

The flow is discretized as finite elements on an
unstructured triangular mesh. The finite-element
Navier-Stokes solver is of cubic accuracy in space
and time and employs pseudo-pressure formula-
tion.'3

I1.2 Energy-resolving models

The goal of the empirical Galerkin modeling is to
reproduce the Navier-Stokes simulation in a low-
dimensional manner. The GM is based on a
generalized Karhunen-Loéve expansion around an
(unstable) steady Navier-Stokes solution u, with
Karhunen-Loéve modes u;, i =1,...,N and a so
called shift-mode up,'*1®

N
ulM = yu, +Zai u; + aa ua.

i=1

3)

The modes ug, u;, i =1,..., N and up are defined
in the whole computational domain Q. Their veloc-
ity fields depend only on the location x, and the
time-dependence is described by the Fourier coeffi-
cients ay, ..., an, aa. The Karhunen-Loéve modes
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are obtained with the snapshot method* from the
post-transient periodic wake solution. The modes
are visualized in Fig. 2.
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Figure 2: Galerkin approximation. The mean flow ug,
the steady solution ug, the shift-mode ua, and the
Karhunen-Loéve modes uy, uy are visualized (top to bot-
tom) with stream-lines.

The Galerkin approximation (GA) (3) includes:

(i) the steady solution ug, as the origin of the state
space: a1 =...=any =aa =0,

(i) the mean flow, ug = us; + aaua, with suitable
ap,ie.a; =0,9=1,...,N,

(iii) the periodic von Kdrmdn vortex street, as a
limit cycle, and

(iv) the transient from the steady solution to the
limit cycle.

Empirical GMs typically deteriorate rapidly as
the system departs from the trajectory used for
model construction.’® The inclusion of the shift-
mode enables a representation of variations in the
mean flow and is critical for extending an improved
representation of transients. Therefore, the shift-
mode is the key enabler for the presented model hi-
erarchy and the robustness of the GM. The ampli-
tude of this mode is also used in a proportional and
differential feedback control strategy of the cylinder
wake which is forced by transverse displacement of
the cylinder.”

The GA with N = 2 resolves the first har-
monics of the natural flow corresponding to some
96% of its fluctuation energy. The remaining 4% of
the fluctuation energy are nearly completely resolved
by the next six Karhunen-Loéve modes. Thus, a
GM with eight Karhunen-Loéve modes and the shift-
mode yields an accurate reproduction of the natural
flow.

The Galerkin  projection (GP) of the
Navier-Stokes equation (1) over the subspace
spanned by the GA (3) yields a Galerkin sys-
tem (GS) of ordinary differential equations
da;/dt = fi(a1,...,an,an,G), governing the
temporal evolution of the Fourier coefficients. The
formalism is simplified by the notation ag := 1
and anyy1 := aa, and the use of an Einstein
summation convention, where double indices j, &
imply summation over 0,1,...,N + 1 and ¢ runs
over 1,...,N + 1. Then, the GS is expressed by

%ai =vl; a; + qijr aj ar + G g;, (4)
where the linear term, l;; a;, originates from the
GP of the viscous term, vAu, and the quadratic
term, gijrajax, from the GP of the convective term
V - (uu). The pressure term can be neglected in a
sufficiently large computational domain.!6

The transient phase of the first two Fourier co-
efficients a; and as and the shift-mode amplitude aa
from the steady solution to the limit cycle is shown
in Fig. 3.
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Figure 3: Transient from the steady solution to the
limit cycle in state space. The solution defined by a1 (t),
a2 (t), and the shift-mode amplitude an (t) stays on a
paraboloid. The fixed point is given by a1 = as = ap =
0 and the limit cycle is approximated by a? +a3 = A% =
const and an = const.

II.3 Minimal model

The minimal model includes the first pair of
Karhunen-Loéve modes (N 2) and the shift-
mode, i.e. the state space is spanned by a;, as and
as := aa. The main characteristics of the flow is
reproduced by the minimal model. It resolves the
von Karmdn vortex street moving downstream from
the cylinder and neglects the higher harmonics.

II1.4 Phase-invariant model

For control design, the minimal model is further
reduced with a simple mean-field-type approxima-
tion.1819 The Bogoliubov-Krylov ansatz, employed
in mean-field theory approximates the Fourier coef-
ficients by a1 = A cos(¢), aa = A sin(¢). Here, A,
aa, and the frequency w = d¢/dt, are assumed to
be slowly varying functions of time, as compared to
the oscillation period. Thus, the GS (4) reduces to
the following phase-invariant equations in cylindrical
coordinates:

d
%A = (0a—Pan)A+Fy, (5a)
d
Eq& = ws; +yaa +Fy, (5b)
d
it — A2
dtaA oaan +cA”, (5¢)

4

where w = ws + yaa is a state-dependent repre-
sentation of the instantaneous oscillation frequency.
Here, ws represents the predicted initial frequency
near the fixed point and 7 quantifies the change of
the frequency the variation of the mean flow. The
forcing terms F4 in Eq. (5a) and Fj of Eq. (5b) are
given by

Fy G(g1 cos(¢) + gasin(9)),

%(_g1 sin(@) + ga cos(¢)) -

(6a)

Fy (6b)

The time-constant of the shift-mode, Tao = 1/0a
is significantly smaller than the one of the period
of oscillation T', i.e. T <« Ta. Hence, the time
derivative of aa can be neglected and aa is slaved
to the oscillation amplitude A by aa = (c/oa) A2.
Figure 4 shows the limit-cycle attractor of the
three models in comparison with the simulation. The
amplitude of the energy-resolving model is a good
approximation of the simulation. The amplitude pre-
dicted by the minimal model is too large. This over-
prediction is a result of the neglected energy transfer
from the first harmonic to higher harmonic modes.
The assumption of phase invariance has only little
effect on the limit cycle since the ansatz for a; and
as is a very good approximation of real conditions.

Figure 4: Simulated and modeled attractor of the peri-
odic flow. The figure displays a phase-portrait with the
Fourier coefficients a1 (t), ax(t) of the energy-resolving
(A), minimal (O), and phase-invariant model (——) as
compared with the simulation (—).
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ITT Model-based flow control

In this section, the control design is described. Fol-
lowing the outline in Sec. 111.1, an energy-based con-
trol is proposed in Sec. 1112, and observer design is
discussed in Sec. 111.3. Closed-loop simulation re-
sults are presented in Sec. 111.4. In order to asses the
efficiency of an observer-based control, its response
is compared with those obtained with a complete-
information control in Sec. IIl.5, and with a passive
splitter-plate in Sec. Il1.6.

II1.1 Owutline

The control structure is outlined in Fig. 5 for the
minimal GM.

- observer design .
dynamic observer problem hot-wire
(a,,a,,ap) Y=H(u)
observer—based

control

controller
G=Gl(a;, ay, ap)

phase space

(ay, ay, ap)

natural dynamics volume force

h
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dt

complete—information
control

resulting dynamics

da;
o ilap . ap)+ Ge;

i=1,2,A

control design
problem

goal functional

= /a2 2
A=_/aF +ay

Figure 5: Outline of control structure in the design
phase.

The state of the flow is described by the GA,
i.e. by the three Fourier coefficients a = (a1, a2, aa).
The control goal is to minimize the oscillation am-
plitude A = \/a? + a2, targeting A = 0 as the
ideal steady state. Given the steady state equal-
ity an = (c/oa) A2, this objective is equivalent to
the stabilization of the origin in the state space of
Eq. (4). In the complete-information design task,
the control input (i.e. the volume-force amplitude
@) to stabilize Eq. (4) has to be selected as a func-
tion of the velocity field u, hence of the full state
(a1,a2,aa). In an observer-based control, available
information is limited to the single measured velocity

5

signal, Y, which can be considered as a function of
the velocity field, H(u). The observer design prob-
lem consists of reconstructing the state vector from
the measured velocity signal.

An important aspect of control design — for
systems such as this — is a recognition of the limi-
tation of the model, e.g. its domain of validity. The
range of validity of the low-dimensional model used
here is the domain in which it provides a good ap-
proximation of actual dynamics and is limited to a
tight neighborhood of the center manifold visualized
in Fig. 3. An additional restriction is the preser-
vation of the oscillatory solution with the natural
Strouhal number. Unless special attention is paid
to this point, a typical control theoretical equilib-
rium stabilization would lead to solutions which are
likely to leave the range of validity of the GM, and
therefore cannot be successfully implemented in a
Navier-Stokes simulation, let alone the physical sys-
tem. A control strategy which preserves the range of
model validity is described in the following section.

I11.2 Energy-based controller

The goal of the energy-based controller is to achieve
a continuous decay rate o of the fluctuation energy
until steady state is reached — leaving the frequency
w nearly unaltered.

A simple and energy efficient realization is G =
—Gy if g1 cos(P) + g2 sin(¢) > 0 and G = +G) oth-
erwise. The amplitude Gy is determined once every
period in agreement with the desired decay rate. The
mean impact of the force on the frequency is small
because of the sign-change of the angle force-term
F; (see Eq. (6b)) during the time of constant force
direction. Details and improvements of this control
are described by Tadmor et al.2%

IT1.3 Observer design

Observer design is needed for just about any ex-
perimental realizations of flow control. In the cur-
rent system, only one or two hot-wire signals may
be implementable with small interference with the
flow. Hence, a measurement of the Fourier coeffi-
cients of distributed modes is utterly impossible in a
real-time implementation. The reconstruction of the
state vector from a sensor signal is performed with a
dynamic observer. The observer duplicates the orig-
inal phase-invariant model (5), with an additional
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correction term L AY:

d - .
EA = (04— Ban)A+ Fa+ LAAY | (7a)
d -

7%= ws +va4a + Fy+ LeAY, (7b)
%@AZ —OAGA +CA2 + LAAY (7(3)

where the hat symbol denotes an estimated state
variable. The measurement estimation error is de-
fined by AY := Y — Y, where Y is a function of the
estimated Galerkin state space, H(a). This error
has two major sources, the assumed initial condi-
tion and differences between the real flow and the
reduced order phase-invariant model. Design of the
gain matrix L is based on the stabilization of the lin-
earized dynamics of the state-space estimation error
Aa:=a—a.

The combined estimation error e of the oscil-
lating Fourier coefficients a; and as

e :=y/Aa? + Ad} (8)

is chosen as an indication of observer performance.

I11.4 Observer-based control

Figure 6 illustrates the structure of an observer-
based control.

sensor

forcing term

[ | direct u - Y

g simulation Y=H (u)

observer term +
L] !
]
+

hase-inv. | a NP

g — P GM :H(a)

G
controller

Figure 6: Principal sketch of the observer-based control
in the online phase.

The direct simulation of the flow and the con-
tinuously updated observer system are evaluated si-
multaneously. The amplitude and sign of the volume
force are calculated with the energy-based controller
of Sec. Il1.2 and the estimated state vector a.

Figure 7 shows the transients of selected vari-
ables under observer-based control. The oscillation
amplitude, A, decreases rapidly during the first three
periods of control and after six periods A is stabi-
lized at a lower level. The transient of the shift-mode

6

amplitude aa is very similar. The plots of both A
and aa show that the energy-based control input
G, see Fig. 7 (middle), leads to a reduction of the
fluctuation energy.

Yet, complete suppression in the entire wake
region cannot be achieved for two reasons. The
most important cause is the intrinsic limitation of lo-
cal actuation forces at highly supercritical Reynolds
numbers, as has already been noted in similar stud-
ies.1317 The second limitation of control is the qual-
ity of the state-space estimation by the dynamic ob-
server. The transient of e (Fig. 7, second sub-figure
from bottom) shows an increase of the estimation
error as the state-space variables move away from
the natural limit cycle.

This growing uncertainty of the observer can be
traced back to the fact that the estimation is based
on Karhunen-Loéve modes of the natural flow, which
do not include changes of the flow structure caused
by control. In the controlled state of the flow, the
natural Karhunen-Logve modes resolve less fluctua-
tion energy. It may be noted that the decrease of
aa indicates the growing length of the recirculation
bubble of the mean flow (compare with Fig. 2), asso-
ciated with corresponding spatial shifts in the leading
oscillatory modes. Thus, the difference between the
GA (3) and the real flow increases as the controlled
flow leaves its natural, un-actuated limit cycle.

Close to the limit cycle, the energy-based con-
troller gives rise to a force which counteracts the
transverse fluid motion in the actuation region.
Thus, the near-wake is stabilized. At this state,
energy-based control is essentially opposition con-
trol. As actuation changes the flow structure, the
phase relations between the velocity at the sensor
position and at other locations are affected. In par-
ticular, the time shift between model-predicted and
computed velocity in the actuation region implies
that the transverse force does not always counteract
the transverse fluid motion. Thus, model-based con-
trol becomes less efficient with reduced fluctuation
level.

Figure 7 (bottom) shows the transient of the
normalized fluctuation energy

1
KZE/ dz dy u* - u* (9)
Qo

where u* denotes the difference between the velocity
field u and the base flow up,

u* = u-—ug, (10)

up Ug; + aAUA -

The base flow up is the projection of the velocity
field on the line from the steady solution in shift-
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Figure 7: Transient phase of the Navier-Stokes simula-
tion employing the observer-based control. The control
effects are monitored by the amplitude A of the oscil-
lation, the shift-mode amplitude aa, the amplitude G
of the volume force, the observer error e and the nor-
malized fluctuation energy K |K, from top to bottom,
respectively.

mode direction ua. It can be interpreted as the
ensemble average over all phases. K, in Fig. 7 is
the kinetic energy of the natural periodic flow. The

7

fluctuation energy is evaluated in the observation re-
gion

Qo :={(z,y): -5<x<6.5, |y <5} (12)

The transient of K/K,, shows a fast decay of the
fluctuation in the first two periods of control. Sub-
sequently, the fluctuation energy is stabilized at a
level that is 31% smaller than the level of the nat-
ural limit cycle. This percentage is compared with
other strategies in Sec. IV.

The next three figures are used to analyze the
qualitative and quantitative differences between the
natural and the controlled flow. In Fig. 8, snapshots
of the natural and the controlled flow are visualized.
The damping effect of the actuation is most evident
in the observation region. The oscillation amplitude
is drastically reduced and the transverse fluid motion
has been nearly suppressed in the near-wake.

Figure 8: Comparison of vorticity of the natural (top)
and controlled flow (bottom). Brighter regions indicate
positive values, darker regions negative values. The vor-
tex shedding is damped in the observation region behind
the cylinder

Figure 9 shows the modification of the first
Karhunen-Loéve mode, when snapshots of the con-
trolled flow are used for the GA. The iso-lines of the
stream-function show a reduced activity in the near-
wake and a change of the mode shape e.g. a longer
streamwise wavelength. An empirical GM has also
been constructed based on this new GA of the con-
trolled flow. This modified system is in better agree-
ment with the simulation at the controlled operating
point.
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Figure 9: First Karhunen-Loéve mode of natural (top)
and controlled flow (bottom). The modes are visualized
by iso-contour lines of the stream-function. Positive val-
ues are indicated by thick lines, negative values by thin
lines.

The streamwise growth of fluctuation is char-
acterized by the averaged density of the fluctuation
energy K(z),

+5
K (2) :% /dy W2 +o?y,  (13)
5

* *

were u(z,y,t)* and v(z,y,t)* are the local values
of u* in Eq. (10). () denotes the time average of
the embraced term.

In Fig. 10, the energy densities, averaged over
one period of the natural and controlled flow, are
compared. The K (x)-curves corroborate the quali-
tative findings of Figs. 8 and 9. The largest damping
effect of the fluctuation, due to control, is found in
the first six diameters downstream from the cylinder.
The influence of the actuation on the flow near the
outflow region, at x = 15, is very small.

To improve state estimation, an alternative ob-
server design is based on the GM of the controlled
flow. As expected, this reduces the estimation er-
ror. This change entails an increase of damping of
fluctuation energy from 31% to 45%.

I11.5 Complete-information control

In complete-information control, the whole velocity
field is assumed to be known at each instant. An
observer for the state estimation is therefore not re-
quired. The Fourier coefficients a; are determined
by an integral over the computational domain,

aiz//da:dy u; - (u—uy).
Q

(14)

8

10 15

Figure 10: Density of fluctuation energy K (x) for the
natural (—) and controlled (——) flow. The influence of
control is strongest in the near wake.

Equation (14) can be considered the best-case re-
construction of state variables. The energy-based
control using this state space information enables a
reduction of the fluctuation energy in the observa-
tion region by 50%. Complete-information control
is only feasible in numerical simulations, and can-
not be practically implemented. It provides a useful
benchmark for feasible performance with the pos-
tulated volume force actuation. In particular, our
result indicates that the performance achieved with
an observer-based compensation is very close to the
best-case performance (45% vs. 50% attenuation).

II1.6 An upper bound on performance

Passive vortex shedding suppression with a splitter
plate in the near wake is used to compute yet an-
other performance benchmark, against which one
can compare the proposed model based control. The
plate length is one cylinder diameter, and it is co-
positioned with the volume-force field, downstream
from the cylinder. A no-penetration condition is en-
forced at the splitter plate, setting the v-component
of the flow to zero. The effect of the splitter plate
on the u-component is neglected, since the volume
force of the previously introduced active control has
no direct influence on the u-component. In the ob-
servation region, the splitter plate reduces the fluc-
tuation energy by 60%. The performance exceeds
all other approaches. This is not surprising since the
splitter plate can be envisioned as a high-dimensional
row of distributed local volume forces each of which
effectively inhibits transverse fluid motion with no
observation and other errors.
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IV Discussion of simulation results

Table 1 summarizes the results of flow control pre-
sented in the Secs. 111.4-111.6. Beside the damping
of the fluctuation it includes also variations of the
vortex-shedding period. The control leads to an in-
crease of the period which is consistent with the
smaller Strouhal number near the steady solution of
the wake flow.

Table 1: Comparison of the different control strategies.
The effect is monitored with the normalized averaged
fluctuation energy K [ K,, and the period T .

control strategy K/K, | T

no actuation 1.00 | 6.0
observer-based natural GM 0.69 | 6.0
control controlled GM 0.55 | 6.8
complete-information control 050 | 6.9
splitter plate 040 |73

Performance of all three feedback policies is
compared to the splitter-plate benchmark. The
reduction of 31% with the observer-based control
reaches about one half of that ideal level. It should
be viewed against the backdrop of the fact that it
is based on a GM whose original validity was re-
stricted to the natural flow. Indeed, this level of
performance was made possible only by the robust-
ness gained with the added shift-mode.

Evidently, a challenging aspect of model-based
flow control is the limitation of accurate predictions
to the design operating points. Here, considered op-
erating points are the natural flow and the controlled
limit cycle. Performance is therefore improved to
45% suppression — or three quarters of the splitter-
plate benchmark — when a model is matched on
the target region, as opposed to a calibration on the
original natural flow.

To some extent, the regime of model valid-
ity has been incorporated in the control by restrict-
ing controlled transients to the neighborhood of the
center-manifold paraboloid (see Fig. 4). However,
while it is always possible to stabilize the fixed point
within the GM, that goal cannot be achieved with
the actual system. The reason for this discrepancy
is that a global Galerkin ansatz cannot accurately
describe near- and far-wake coupling for all con-
trol points. The authority of the volume force on
the Galerkin solution — represented by the coeffi-
cients g; — vanishes in reality, close to the maximum
achievable suppression of vortex shedding.

9

V Conclusions and outlook

A new approach is pursued for active flow control
using low-dimensional Galerkin models (GM). A first
proof of concept is presented for the volume-force
actuated flow around a circular cylinder. The two
key ingredients are the inclusion of the shift-mode,
which enhances the dynamic range of model validity,
and a controller design which respects this validity
regime.

The presented strategy of GM-based control is
further developed at the Collaborative Research Cen-
ter (Sfb 557) “Control of Complex Turbulent Flow”
at the Technical University Berlin and at Northeast-
ern University. Considered configurations include
several internal flows and local acoustic actuators.
This approach synergizes with a corresponding strat-
egy based on low-dimensional vortex models.?!
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