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My lectures

1 (Mo) Motivation of Galerkin method, 2 examples

2 (Tu) Empirical Galerkin method based on POD

3 (Tu) POD-based Galerkin models of natural flow
Purpose of this lecture:
e Show POD Galerkin models for natural flows
e Auxiliary models in the dynamical system:

pressure, turbulence, ...

4 (Th) POD-based Galerkin models of transient

and actuated flow

5 (Th) Towards an attractor control



Overview

1. Cylinder wake (standard method)

2. Laminar shear layer (+4pressure model)

3. Turbulent mixing layer (4turbulence model)

4. Take home messages



Phenomenogram of cylinder wake
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POD Galerkin model

= | Noack, Afanasiev, Morzynski, Tadmor & Thiele (2003) JFM

POD at Re = 100

3

u = Z a;u;
1=0

| =] Deane et al (1991) PF
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8-dim. POD model reproduces DNS.

Galerkin solution

da;

dt

= Vle]a] + Z qija;ag

7,k




POD Galerkin system of cylinder wake

— E Noack, Afanasiev, Morzynski, Thiele & Tadmor 2003 JFM —

Dynamical system: Modal energy: E; = a?/2
dai/dt = oca1 —wap +hq O = 20F1 +7T1
das/dt = oca> Hwai +ho O = 20E, 15
daz/dt = opa3z —2wasq —+h3 O = 200Fk3 13
dag/dt = opag4 +2waz —+hy O = 200F4 +T14
das/dt = o3as —3wag -+hs 0 = 203FE5 +1%
dag/dt = o3ag +3was —+hg O = 203k +1p
da7/dt = og4a7 —4wag —+hy O = 204F7 +1T17%
dag/dt = ogag +4war —+hg O = 204Fkg 13

3 3 3 3
hj = 321 kgl ey 1; jzl kgl Qi k0 af
B Dynamical system = harmonically related oscillators

with growth rates o >0 > 0o > 03 > 04.

B Quadratic coupling is energy preserving: > 17, =0



POD Galerkin system of cylinder wake II

— | =| Noack, Afanasiev, Morzyniski, Thiele & Tadmor 2003 JFM —

Modal
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guadratic (internal) interactions T;= Z Qijk & 33y




Modal energy flow analy5|s of cylinder wake

Noack 2006 —
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Semi-spectral characterization of e-flow cascade



Modal energy flow analysns of cylinder wake

Noack 2006 —
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e Semi-spectral characterization of e-flow cascade

e Implications for accuracy



Overview

1. Cylinder wake (standard method)

2. Laminar shear layer (+4pressure model)

3. Turbulent mixing layer (4turbulence model)

4. Take home messages



Motivation

POD Galerkin method

u — Oiu = vAu —V (uu) —Vp

l l | l !
N da: N N

u= > a;u; > g —V ; lZ]CL] + Z_ qijk Q5 O +707?7

1— =

Y

Pressure-term modelling —(u;, Vp)

(1) —(u;,,Vp)=20 ..... [Deane eta. 1991, HOlMeS eta. 1998

(2) —(u;, Vp) = empirical force .......... [Aubry eta. 1988

(3) Escapewith VxVp=0.......... [e.g. Rempfer 1991]
Oqw = —4+Vw-u—Vu-w+rdw

(4) Calibrate a linear term ............. [Galletti eta. 2004]

Question: —(117;, Vp) — fi(al, an, ..., CLN) ?




Pressure-term representation

= | Noack, Papas & Monkewitz (2005) JFM —

Poisson eq.

!

Solution

!

Galerkin

projection

Key enablers:

AD=138 ............ s = —(Vu)t: (Vu)
T L a=Xau
3 >
i a; A <— S = Si A; A
p == i k—Op]k j Ak =0 jk 45 Qf
Apjk = Sk sjr = —(Vuy)': (Vuy)
g
%a’i — _(uia VP)_Q _
N
== ... ui,V Z pjka,jak
jk 0 1/ 0

v Z lzya3+ Z (qu‘l'qz]k)a]ak
=0

j= j.k
where ¢ = (w3, VDjk)

treatment of BC and numerical algorithm!



POD of Kelvin-Helmholtz vortices

= | Noack, Papas & Monkewitz (2005) JFM —

DNS Re. = 100
2,1
e velocity ratio 3:1
e Dirichlet inflow condition
(4+0.01 x eigenmode)

e conv. outflow condition

O

@

POD

>
u — a;u;
=0 1

e mode 1 —j=2

~ SiNn x

e Mmode 2 —

~ COST

e mMode 3 —

~ SiNn 2x

e mode 4 ——

~ COS2x




POD Galerkm model of K-H vortices

= | Noack, Papas & Monkewitz (2005) JFM —

Galerkin solution Energy flow balance
: d
a; = I/Z lija; + Z gkajar | 0 = —K=P+D+C+T+F
dt
1= O 7,k=0
_ / _ /
+ Z QK05 ak F = <(u,—Vp)Q>——j§dA-<up>
7,k=0 :
standard 1r o . n
model o ° ° o 1000 5|5 5
° ° 3= 2 S s O =
proposed & o | 2r %) _8 &>3 4% @ 3
model - O 1F|S|8 § & ¢ g
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The pressure term must be included in the POD model!



Modal energy flow cascade of K-H vortices
Noack, Papas & Monkewitz (2005) JFM —
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Social wellfare.
Large modes
work for

the poor!



Pressure models analytical to brute force
— | =| Noack, Papas & Monkewitz (2005) JFM —

(1) Analytical model ............... 0 = (W, —VpjRo

Ansatz: p(x,t) = ka]k(X) a,j(t) ar(t) where Ap]k = Pjk
75
B requires pressure Poisson solver!

(2) Empirical model .................. l;;- = (u;, —Vpj)q

Ansatz: p'(x,t) = > p;(x) a;(t) with p; from linear fit
J
W requires (only) pressure data!

(3) Least-order model .| %a; = aja; + V%}lijaj + > G
J;

«; are obtained from a modal energy flow balance with a; of

the Navier-Stokes attractor
B requires neither a pressure solver nor pressure data!



Overview

1. Cylinder wake (standard method)

2. Laminar shear layer (4 pressure model)

3. Turbulent mixing layer (4turbulence model)

4. Take home messages



Motivation

POD Galerkin method

u — Oiu = v/Au —V(uu) —Vp
| | | | |
N o N N _
u= » au; — F =v X lja; + ¥ (gr +aq)) aja
1=0 J=0 7,k=0
o0 N
+ > a;u; + > VTilijaj =] Rempfer 1991
i=N+1 j=0

Modelling problem:

=
. O
For N ~ ]_O, d typlcal 0 rKe_sEI;/neoddeS
prd
. . ) < -> PRODUCTION
situation is h
=
N 0o J
| T ol < || % agull.  preecpeeeeepepefeegeesoeeepeee i oo
1=0 1=N+1
unresolved
K-L modes

—> DISSIPATION




'Subgrid’ turbulence modelling problem

POD Galerkin method

u — Oiu = v/Au —V(uu) —Vp
| | | l |
N da; N
u= > a;u, g — VX lzg g + Z (%gk —I_q’&]k) a; ag
1=0 7=0 7,k=0
St St
T Uresidual +j§O i7 -|—j7kZ=O Q51050
Decision 1: 'Subgrid’-turbulence models
(1) l;jk = vrl;; (1 parameter) ............ [Aubry eta. 1988]
(2) l,;'; = vy ;l;; (N parameters) ......... [Rempfer 1991]
(3) l;;.—calibration (N2 parameters) ... [Galletti4+ 2004 etc.]

(4) quadratic and cubic terms (myriad parameters)

Decision 2: What is a good calibration technique?



Calibration techniques

N

Given: uPN3(x,t) := 'ZO CLZ'DNS(t) u;(X) + Uresidual(X; t)
1=
GM N
Wanted.: azdt = fz — ]E: (V_|_VT7,> lzg a] +] Z qu EM IE:SM

with aGM iDNSI

B Floquet calibration ................ solution matching
N 2 .
xo(vrif—q) = z fdt afM (1) — aPNS ()] = Min
B Poincareé calibratlon ........... phase space matching
2 .
xiurili ) = z fdt aPNS () — f; (aPN5(1))]7 = Min
B Energy-flow calibration ............ e-flow consistency
N . N 2 .
xo({rrifi—y) = & [P+ Ci+ Di+Ti+ F]* = Min
where P, represents the modal production,



Modal fluid dynamics
— | = | Noack, Papas & Monkewitz (2005) JFM —

In a nutshell:

Galerkin approximation . u=ug+u/, ug:=u, u = ]Evj a;u;
Navier-Stokes Eq. ........ R(u) =0

Galerkin system .......... (ui,R(u[N]))Q =0

Modal energy flow balance (azu@,R(u[ D =0

Global energy flow balance (u’,R(u[N]))Q =0

Im some detail:

NSE NSE II GS
oru = 8tu’ = dai/dt =
—V-uu| —-V- uoup —|-qu0

—V -u'ug + ZN 1 95095
—~V -ugu’ + Z —1 40545
-V.u'u | + Z] k=1 4ijkQ; ALk + Z] r—=19ijk3iq;0f +7;
+vAu +vAug +vi;o
—|—I/Al]_/ —|—I/ ZN Z]a] —|—21/lm’
—Vp —Vp + Z] k=1 ngka ar, | + Z] k=1 qzyka’b j Ak +7i




LES of turbulent mixing layer
=| Comte, Sivestrini & Bégou (1998) EJMB—

LES of
mixing

layer

at Re — oo
Ui /Up =3
Visualization:
v = £0.04

spectral in xz,z, 6-order finite-difference in y
0<z/dy < 140; —14 < y/dy < 14, 0<z/6g <15



POD

Noack, Pelivan, Comte, Morzynski & Tadmor (2004) —

POD spectrum POD modes u;

2 i=1
s [22%]




Energy flow analysis
Noack, Tadmor & Morzynski (2004) AIAA —

Global analysis

I Titq
Modal analysis

Global analysis

dK/dt= P+ D+ C+ T+ F =0

1 T 1 1 T 1
dK;/dt= P+ D;+ Ci+ T+ F; =0

Modal analysis
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Energy flow calibration
Noack, Pelivan, Comte, Morzynski & Tadmor (2004) —

GM with 20 POD modes and modal eddy viscosities

1%

Pi+Ci+ (1+") Di+ T4+ F;=0

— Pars pro toto, the first Fourier coeffient a1 is shown —
LES Galerkin model
20 1 1 1 1 20 1 1 1 1
a, a,
| | |
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Calibrated GM matches statistics and frequency spectra



Pomcare calibration
— |=| Tadmor & Noack (2004) ACC —

Linear and quadratic Galerkin system with 20 POD modes

T N 2 .
X1 = 5/ dt P> [aiLES — fi(aiLES)} = Min
0 =1 Set 1
e

First Fourier coefficient 30

— LES
.. . @GS with vp; N par. p=.
.- . GS with It ~ N2 par.

- - -GS with l;f g, ~ N° par.

-30 ‘
0 100 t 200

Small benefits by adding more terms.




Floquet calibration

Pelivan, Noack, Comte & Cordier (2005) —

GM with 16 POD modes + modal eddy viscosity

T N
XO:%/Odt Zg [a,?M—

First four

Fourier coefficients
— LES

- - GM

a,L-LES}Q + g/OTdt Zgl [@]2 = Min

Comparaison solutions POD ROM et vecteurs propres POD interpolés

T
—— Mode 1
—— Mode 2
—— Mode 3 ||
—— Mode 4

Amplitude a™(t)

— Il Il Il Il Il Il Il Il Il
0 20 40 60 80 100 120 140 160 180 200
Temps

Floquet calibration has

longer prediction horizon!



Conclusions

u — Oiu = v/Au —V(uu) —Vp
l ! ! l !
— N dai . N N T
u= roew — g = ijo lija; + .,kZ:O(qijk +a7x) aj a
+Uresidual TV lz’jaj

B Floquet calibration yg := z [dt [aGM — oNS|? = Min

[/

+ largest prediction horizon [0, T] for given initial condition

— No limit T'— oo (phase error accumulatlon).

B Poincare calibration y{:= Z [dt [ - fi(af\fs)}2 = Min
=1
e limit T' — oo possible, independence of time window

B E-flow calibr. XQ:_ [P + C; 4+ D, + T, + F;]°=Min

’]/_
e comparable to Poincaré calibration.



Overview

1. Cylinder wake (standard method)

2. Laminar shear layer (4pressure model)

3. Turbulent mixing layer (4turbulence model)

4. Take home messages



Summary

u — Oiu = v/Au —V(uu) —Vp
| | | | |
N da. N N -
u = Z; a;u; S dtz — ngo lZ]CL] + kZ_O(qZ]k _I_qwk) a; a
tUresidual v lijag
(1) Perform standard POD method.
(2) Perform modal energy flow analysis.
)] Add pressure term
iIf indicated by energy flow analysis.
€3} Add subgrid turbulence model

if POD resolves fraction of total fluctuation energy.



